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A family of flocks is presented in characteristic 3. From the standard theory,
there are associated generalised quadrangles, translation planes, and BLT-sets,
leading to further flocks.  2001 Academic Press
1. INTRODUCTION
A BLT-set is a set of q+1 points of the nonsingular quadric Q(4, q),
q odd, such that given any three points of the set, there is no point of the
quadric perpendicular to all three of them. They were introduced by Bader
et al. [2], though their name is due to Kantor [7]. Bader et al. described
a construction of q flocks of the quadratic cone in PG(3, q) from a given
flock. This construction, called derivation, gives rise to a BLT-set. Since we
are dealing with BLT-sets in this paper, we will assume throughout that q
is an odd prime power, i.e., q= ph, for an odd prime p and h1.
It is well known that flocks of the quadratic cone are linked closely with
certain generalised quadrangles and certain translation planes. The group
coset geometry construction of generalised quadrangles of order (q2, q) was
introduced by Kantor [6] and refined by Payne [10]. Thas [17] described
the connection between these generalised quadrangles and flocks of the
quadratic cone, giving rise to both new flocks and new generalised quad-
rangles. Translation planes of order q2 and rank at most 2 over their kernel
can be constructed from flocks of the quadratic cone by first constructing
an ovoid of the Klein quadric Q+ (5, q), which dualises to a line-spread of
PG(3, q), and hence gives rise to a translation plane via the Andre 
Bruck-Bose constructions. This was recognised by both Walker [18] and
Thas, giving rise to new translation planes and new flocks.
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With the introduction of BLT-sets and their connection to flocks of
the quadratic cone, a new way of analysing the associated generalised
quadrangles and translation planes arose. Furthermore, Knarr [8] provided
a completely geometric construction of the associated generalised quadrangle
from the BLT-set, providing further evidence as to the importance of BLT-
sets in the study of these related geometries. For background material and
details of these constructions see [3, Chaps. 7, 9].
In the following sections we will present some of the known results about
equivalence of the associated geometries in terms of the BLT-set, and then
consider the q-clan formulation useful for describing most BLT-sets. The
next to last section describes the family discovered in characteristic 3. We
believe this family to be new for q27 but as yet lack a proof that it is new
for q>27.
2. EQUIVALENCE RESULTS
We call two flocks F1 and F2 of the quadratic cone K of PG(3, q)
isomorphic if and only if there exists an element of P1L(4, q) which fixes
K and maps F1 onto F2 . The following result can then be found in Bader
et al. [2].
Lemma 1. Let P1 and P2 be two points of the BLT-set B. Then the flock
F1 arising from P1 is isomorphic to the flock F2 arising from P2 if and only
if P1 and P2 are in the same orbit of P1O(5, q)B .
Thus we have
Corollary 1. The number of distinct, non-isomorphic flocks arising
from a BLT-set is equal to the number of orbits of the stabiliser of the
BLT-set in P1O(5, q).
Due to the observations of Walker [18] and Thas, we may obtain from
above similar results for the corresponding translation planes of order q2
and rank at most 2 over their kernel.
Lemma 2 (Payne and Rogers [12]). A BLT-set gives rise to one
generalised quadrangle.
We call two BLT-sets B1 and B2 isomorphic if and only if there exists
an element of P1O(5, q) which maps B1 to B2 . Then the following result
is an immediate corollary of the remarks following the proof of Theorem
3.1 in Knarr [8] and the theorem that an EGQ with more than one base
point is classical (Payne and Thas [13]), though it was first proved by
Kantor [19] in the context of the group coset geometry construction.
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Lemma 3. Two BLT-sets B1 and B2 are isomorphic if and only if the
generalised quadrangle S1 arising from B1 is isomorphic to the generalised
quadrangle S2 arising from B2 .
Lemma 4 (Payne [11]). Let S be the generalised quadrangle arising
from the BLT-set B. Then the number of orbits of lines through the base
point of S is equal to the number of orbits of the stabiliser of B in
P1O(5, q).
In particular, the group of the generalised quadrangle is determined once
the group of the BLT-set is determined. See the aforementioned remarks of
Knarr.
3. BLT-SETS AND q-CLANS
There presently exist eight known families of BLT-sets, many having
been discovered as flocks, generalised quadrangles, or translation planes.
Of these eight families, three give rise to exactly two flocks, while the others
have a transitive group on the BLT-set, and hence only give one flock each.
We refer the reader to the survey of Johnson and Payne [5] for descrip-
tions of all but the most recent of families, a description of which can be
found in Penttila [14]. There are also known a number of presently
sporadic examples of BLT-sets, these having been discovered by a number
of different authors [1, 4, 9, 15, 16], and we refer the reader to the
forthcoming paper of Law and Penttila [9] for a full list of these examples.
A convenient form for describing most of the known families of BLT-sets
is provided by the notion of a q-clan. A set C=[At : t # GF(q)] of q distinct
2_2-matrices over GF(q) is called a q-clan provided As&At is anisotropic
whenever s{t, i.e., :(As&At) :T=0 has only the trivial solution
:=(0, 0) # GF(q)2.
So for q odd, if we write without loss of generality the matrices in the
form
At=_ tf (t)
f (t)
g(t)& , t # GF(q), f, g: GF(q)  GF(q),
then C=[At : t # GF(q)] is a q-clan if and only if
&det(As&At)=( f (s)& f (t))2&(s&t)(g(s)& g(t))
is a nonsquare of GF(q) whenever s{t.
Using the quadratic form
Q(x)=x1x5+x2 x4+x23
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to describe the nonsingular quadric Q(4, q), we write the BLT-set B
corresponding to the q-clan above as
B=[(1, t, f (t), &g(t), tg(t)& f (t)2)] _ [(0, 0, 0, 0, 1)].
4. A FAMILY IN CHARACTERISTIC 3
Using the q-clan formulation, we will now present the infinite family of
BLT-sets discovered in characteristic 3.
For t # GF(q) with q=3h, and n a fixed nonsquare of GF(q), let
At=_ tt4+nt2
t4+nt2
&n&1t9+t7+n2t3&n3t& .
Then C=[At : t # GF(q)] is a q-clan.
As described in the previous section, to prove that C is a q-clan, we need
only show that &det(As&At) is a nonsquare for s{t. Noting that the
characteristic is 3, it can be easily seen that
&det(As&At)=n&1 (s&t)2 (s4&s3t&st3+t4&nst+n2)2.
We now show that &det(As&At) is nonzero for s{t. From above,
&det(As&At) is nonzero if and only if (s&t)4&nst+n2 is nonzero. So
suppose (s&t)4&nst+n2=0. Then
n= &st\- s2t2&(s&t)4
= &st\(s+t)- &(s2+t2)
=[(s+t)- &(s2+t2)]2,
contradicting the fact that n is a nonsquare.
5. CONCLUDING REMARKS
For q=3 the BLT-set in the family is the classical example. For q=9 we
have determined by computer that the stabiliser in P1O(5, q) has order
400, and so it follows from the determination of all flocks over this field in
[4] that the example is the BLT-set of Fisher. For q=27 the BLT-set is
the new example found in Law and Penttila [9]. Indeed, the family was
discovered by generalising the example found for q=27.
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Suppose Bn is the BLT-set in the family arising from the nonsquare n.
For a # GF(q)* we define the map ha by
ha : (x1 , x2 , x3 , x4 , x5) [ (x1 , ax2 , a4x3 , a7x4 , a8x5).
This is a similarity of the quadratic form x1x5+x2x4+x23 defining the
nonsingular quadric Q(4, q), which maps Bn to Ba2n . So different choices of
the nonsquare n will give rise to isomorphic BLT-sets.
Now consider the semisimilarity g defined by
g: (x1 , x2 , x3 , x4 , x5) [ (x31 , x
3
2 , x
3
3 , x
3
4 , x
3
5).
This maps Bn to Bn3 , and so if we consider the composite map k=h1ng,
we see that k stabilises Bn . Explicitly,
k: (x1 , x2 , x3 , x4 , x5) [ \x31 , 1n x32 ,
1
n4
x33 ,
1
n7
x34 ,
1
n8
x35+ .
It can be shown that this map k has order 2h, and we suspect that the
cyclic group of order 2h generated by k is in fact the full stabiliser of Bn ,
for q>9. (This is the case for q=27.) If this is the case though, a proof
that the family is new seems possible.
Finally, if the above group is indeed the full stabiliser of the BLT-set Bn ,
then by Corollary 2.1, we have at least q+12h distinct, non-isomorphic flocks
arising from each BLT-set, in contrast to the previously known families.
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